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ON COEFFICIENT MEANS OF CERTAIN SUBCLASSES OF
UNIVALENT FUNCTIONS
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F. HOLLAND AND J. B. TWOMEY

ABSTRACT. Let *R denote the class of regular functions whose derivatives have
positive real part in the unit disc y and let S denote the class of functions starlike in y. In

this paper we investigate the rates of growth of the means s„(\) = n"1 2" |a*|*

(0<X<1) and /„(X) = n-'2rftxklA (a>0) as n -» +oo for bounded f(z)
= 2r«áz'e¿?U¿ It is proved, for example, that the estimate r„(X) = o(l)(log 7i)~°w
(n -» +oo), where a(X) = X/2 for 0 < X < 2 and a(X) = 1 for X > 2, holds for such
functions/, and that it is best possible for each fixed X > 0 within the class J? and for each
fixed X > 2 within the class S.

It is also shown that the inequality i„(l) = o(l)n~'(log n)1^, which holds for all bounded

univalent functions, cannot be improved for bounded / e <=/?. The behavior of r„(X) as

n -* +00 when ak > 0 (k > 1) and X > 1 is also examined.

1. Introduction and statement of results. Let J? denote the class of regular

functions of the form

OD m = ïaHz"       (\z\<\)
i

which satisfy Re/'(z) > 0 in y = [z: \z\ < 1}, let S denote the class of regular

functions (1.1) which are starlike in y, and let -¿"denote the class of functions/

for which f(z) = \og(g(z)/z) (\z\ < 1), where g G <£. It is well known that if

/ G J? U <£, then/is univalent in y. It is also well known that/ G JOS h G <=/?,

where h'(z) = zf'(z)/f(z) and h(0) = 0, and it follows easily that we also have

/G -¿"iff* G y?, where

(1.2) k(z) = JT [?/'(H + 1R - z + j¡tt ;^LTfl»z',+,•

If / G <=/?, then, by a classical result for functions with positive real part,

n\a„\ < 2 Re ax (n > 2). Applying this result to the function k defined in (1.2),

we deduce that if/ G X, then n\an\ < 2 (n > 1). For/ G <£, on the other hand,

we have [2] n\a„\ = 0(1) (n -» +oo) provided/is also bounded in y. Combining

these results we get

(1.3) \a„\ = 0(1)/«       (n -+ +oo)
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for every bounded/ G y? U <£ U X. In this paper we investigate the growth of

certain means of the coefficients {a„} for bounded/ e^UiUX We prove

the following theorem.

Theorem 1. Let f(z) — 2r anz" be regular and bounded in y and suppose that

/ 6 J? U ¿ U i1. Then, as N -* +oo,

2 klX = o(l)A"-*0og AT)-V»,       0 < X < 1,
(1.4) »-i

= od)(logN)V2, A-l,

and

„ 0 2 «xklX = o(l)iV(log NT*2,      0 < A < 2,
(1.5) .-I

= o(l)N(\ogN)-\ X>2.

If, further, a, > Ofor each n > 1, fnen, as N -> +oo,

(1-6) 2'n*aBx = o(l)/V(log/V)-',       A > 1.
»-1

Inequalities (1.4), (1.5) ana" (1.6) are best possible within each of the classes cR and

X, while (1.6), and hence (1.5) for X > 2, « ¿>esi possible within the class «5.

It has already been noted in [4] that inequality (1.4), with X = 1, is valid for

every /in S3, the class of functions univalent and bounded in y, and this of course

implies the inequality for bounded/ G J? U S. Also, the examples discussed in

[4] can be used to show that the inequality is best possible within the class S3, but

this does not imply the stronger result that (1.4) is best possible for bounded

f G cR. Whether (1.4) can be improved for the class of bounded starlike

functions remains an open question.

In view of (1.6), it seems worth remarking that the functions we construct to

show that (1.4) and (1.5) are best possible have real coefficients.

2. Proof of Theorem 1. The positive results. We first prove (1.5). It was shown

in [6] that, for bounded/ G J? U £,

(2 1) 2nI. "2k|2r2" = r2fo' l/V*)l2¿0

= 0(l)[(l-r)log(l/(lTr))]-'(

as r -» 1. If / e X is bounded in y and A: e <=R is defined as in (12), then,

because of (1.3), k is also bounded in y. Applying (2.1) to k, we obtain

immediately that (2.1) also holds for bounded/ G X. It follows easily from (2.1)

that (1.5) holds for X = 2 and hence also by (1.3) for X > 2. If 0 < X < 2, then
by Holder's inequality
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N /N \ X/2

2, «XklX < (S n2\an\2)    N&-W

= o(\)N(\ogN)-V2,

as N -* +00, where we have used (1.5) with X = 2. This completes the proof of

(1.5).
We now prove (1.4). Write T„(X) = 2£-i kx\ak\x for X > 0 and n > 1. Then

by partial summation, for N > 2,

2 kl* - 2 {«"* -(n+ l)-x}Tn(X) + N-*TN(X)
(2.2) "-1 "-'_

<X N£n-*-xTn(X) + N-*TN(X).

By (1.5), we thus have, as N -» +oo,

2 K\X = "O) 2 «-A(logn)-V2 + 0(l)/V<-*(logJV)-V2
»-I n-2

= o(l)Af1-x(log iV)"V2,

for 0 < X < 1, and

2 kl = o(D 2 «"'Gog«)-,/2 + o(I)(logn)-x'2
n-\ n-2

= o(\)(\ogN)x'2.

This proves (1.4).

To prove (1.6) we note that it has been shown in [7] that, for bounded/ G S,

(2.3) f'(r) = fl| na„r»-x = o(l)[(1 - r)log y-^]"',

as r -* 1, and that it is not too difficult to deduce that (2.3) holds for bounded

/ G <=/? U X as well. If a„ > 0 for n > 1, then it is an easy consequence of (2.3)

that (1.6) holds for X = 1 and hence also by (1.3) for X > 1. This proves (1.6).

3. The counter examples. To prove the negative assertions of Theorem 1, we

need the following theorem.

Theorem 2. Let {£(ri)}\* be a sequence of positive terms which decrease to 0 as

n T +00. Let 0 < X < 1. Then there exist regular functions

fx(z) =1+2 C(A)2\
n-\

where c„(X) is real for each n,for which Re/X(z) > 0 in y,

(3.1) sup|/; < +00,
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and, as N -* +00,

S(N,\) # 0(l)e(N)Nl-\log N)-*2,      0 < X < 1,
(3.2)

S(AU)# 0(l)e(A')(logAf)1/2,

where S(N,X) = 2»"-! irx\c„Q<)\x for 0 < X < I andN > \.

Proof of Theorem 2. We begin be defining a convex increasing sequence {n*}™

of nonnegative even integers for which

(3.3) ks <nk<(k+ l)5,       k > 1,

and

(3.4) i/ie equation n = nk± n} (k > j > 1) Aas ai wojí one solution for each

positive integer n.

Following Marcinkiewicz [5, p. 43], we define the sequence inductively as

follows:

Let n0 = 0, «i = 2 and suppose that, for k > 2, n0,nx,...,nk.x have been

defined. Then there are at most 4A:3 positive integers of the form ±rtj ± n,±np

where 0 < j, I, p < k — 1. Hence there is (at least) one even integer, denote it by

nk, satisfying

(A: + l)5 - (S*3 + 2) < nk < (k + l)5

which is not of the form ±n¡ ± n,± np (0 < /, /,/> < k — 1). It is easily verified

that the increasing sequence {nk} thus defined is convex and satisfies (3.3) and

(3.4).
For \z\ < 1 and m > 1, we now set

(3-5) *« - 2(^1) ¿ Irr^E-+ rrn*?

where f?0 = 0 and 9k = 9k(m) = irnk/2nm for 1 < k < m.

4. To complete the proof of Theorem 2 we need two lemmas.

Lemma 1. Let Fm(z) be defined as in (3.5). Then there is an absolute constant M

such that

W |f
5,«)-!^

< A/

for \z\ < 1 - <Tm ana"/n > 1.

Proof. If Gm(z) - Jo2 ((Fm($) - l)/S)d¡, then, by (3.5),

(4.2) Gm{z) = -^ Jo {/(2,öj + /(2, -gk))
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where l(z,i¡) = -log(l - zé*). Since

|Im l(z,$)\ < m/2

and

Re l(z,i) > log(l/(l + r)) > -log 2

for \z\ = r < 1 and -it < i> < it, it follows immediately that if Gm(z) = Um(z)

+ /^(z), then

|£i»|<*   and   i/m(z)>-21og2

for |z| < 1 and w > 1. To complete the proof of (4.1), it is thus sufficient to

show that, for \z\ < 1 - e~m and m > 1,

(4.3) l/m(z) < A,

where /4 is some absolute constant.

Write u(r,}f) = —log 11 - r***\. Then, by (4.2),

(4.4) Um(z) = —5-r 2 «r,0 + 9k) + M(r,Ö - 9k)),
m + i t_o

where z = ré6. We prove first that

(4.5) 2 u(r,9-9k) <2 2 «M*)

for 0 < r < 1 and —n<9<ir. Suppose, to begin with, that 0 < 9 < m/2, so

that there is an integer/ (1 <j<m) such that 07-_, < 9 < 9j. For fixed r, t/(r,uV)

is a decreasing function of \p in [0, it], and so

2 u(r,9 - 9k) < 2 u(r,9j.x - 9k) + 2 "M* - <?,•)

< 2 "(r,^.,) + 2 u(r,9k.j)
k-0 t-y

< 2 2 u(r,9k),
k-0

since the convexity of the sequence {9k} implies that 9n - 9p > 9„.p — 90 = tVp

for all /» and n for which p < n < m. This proves (4.5) for 0 < 9 < tt/2. It is

easy to see that the above argument can be modified to establish (4.5) for the

remaining values of 9 in [-ir, it] and we have thus proved (4.5).

It follows from (4.4) and (4.5), and the fact that u(r,\l>) is an even function of

t^, that

<4-6) Um(z) < -4-r 2 u(r,9k)
m + 1 i_o
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for |z| < 1. But

|1 - re»* |2 > 4r sin2& > (4r/V2)9¡ = rn2Jn2m,

and so, if r = 1 - e~m,

2 u(r,9k) < u(r,0) + 2 1og-^-
k-o k-\      r^2nk

^ i        1     L v ,     ("» + 0$ . m .     1
^logrr-^S1^-^—+ ilog7

< w + 5m \og(m + 1) - 5[m log m - m] + (m/2)log 2

= m[6 + 5 log((w + l)/w) + i log 2],

where we have used (3.3) and the inequality 2™-i »°g k > m log m — m,

(m > 1). By (4.6) we thus have, for \z\ = 1 - e~m,

Um(z) < (4m/(m + 1))[6 + (H/2)log2],

and (4.3) follows immediately by the maximum principle for harmonic functions.

This proves Lemma 1.

Lemma 2. Let F„(z) = 1 + 2r b„(m)zn for \z\ < 1 and m>\. Then if

N = 2nm and 0 < X < 2, we have

(4-7) 1 S \b (m)\K > ^

where A(X) is a positive constant which depends only on X.

Proof (cf. proof of Szidon's Lemma [1, p. 258]). By (3.5) we have

2      m
b„(m) = —-—r 2 cos n9k."v  '     m + 1 ¿Sb *

Hence, writing b„ for b„(m) and using the fact that

cos n0Acos n9j = j{cos n(9k + 9¡) + cos n(9k - 0,)},

we obtain

(m + \)2b2 = 2 2 {cos ^(nk + n¡) + cos j¡(nk - n,)}

(4.8) J*~° K J
„ ¿Î, ntrs

= 22  OjCOS-tj-,

say. We note that oq = m + 2 and that a, — 0 when j is odd. It follows easily

that



COEFFICIENT MEANS OF SUBCLASSES OF FUNCTIONS 157

(4.9) Iv*-    2"     =2(* + 2>>l
V     ' Nn%"      (m+\)2      (m+iy-m'

since

(4.10)

when x is an even integer such that x ¥¡ 0 (mod 2N ).

We note that, by (4.8),

(m + 1)4¿»< = 4 jSo a,a,|cos ™(s + /) + cos ™(s - t)j

and so, using (4.10) again and the fact that N is even, we obtain

¿2 èJ = r-^-?{ag + 4+ 2 a2}-
" n-\ (m + 1)    L s-0      J

But, for s > 1, we have, because of (3.4) and (4.8), a, < 4 whenever s = nk + n}

or j = \nk - n¡\ for any y and k, and a, = 0 otherwise. Hence

(4-11)  ¿ 2 ¿i < 7-4r^2(m + 2>2 + ,6 + l6^m + *fl> * ¿«
'* n—I (Wl +1) "•

where ¿? is an absolute constant.

Finally, by Holder's inequality, for 0 < X < 2,

1     JV / I    N \2/<4-X)/ 1    \ \(2-X)/(4-X)

Í2kP<(^2kl)     (¿2 kr)

which, by (4.9) and (4.11), implies that

as required. This completes the proof of Lemma 2.

5. We now complete the proof of Theorem 2.

Let X be fixed with 0 < X < 1. Choose an increasing sequence {mt}J° of

positive integers for which

(5.1) *K+,),/2X < min^K)1^,**-'}

and

(5-2) O-ftT' <«%♦.,
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for k > 1, where rk = 1 - <Tm* (A; > 1). We now define

(5.3) AOO = 2 BkFm(rkz)
k-\

for |z| < I, where ek « e(mky/n (k > 1) and Fm(z) is defined by (3.5). By (5.1),

£*+i < |e* (k > 1) and it follows easily that 2r e* < +oo. We assume, as we

may, that

(5.4) 2 tk = I-
*-i

It is clear from (5.3) and (3.5) that Refx(z) > 0 in y, and it follows easily from

(5.3), (5.4) and (4.1) that (3.1) also holds.

If A« - 1 + 2r c„(X)z\ then

(5.5) S(N,X) = 2 n-*\cn(X)\X = 2 «r»
B-l n-I

2 ekrk"bn(mk)
k"\

where {¿»„(wi)} is defined as in Lemma 2. Since \a + ¿>|x < 2*(|a|* + |¿>|x), we

have, for t > 2 and n > 1,

2 ekrk'b„(mk)
k-l

> 2-*[e,r,n\bn(ml)\]X - If 2 +   2 Wl^M/lP

> 2-ne,rl"\bn(m,)\)X - 2^2^, S «*]* - 2^2 J+j e*J

since [¿„(mi)! < 2 for n > 1 and A: > 1. But, for t > 2, 2*-i ek < 1, by (5.6),
and, by (5.1),

2   tk < e,+I 2 2-*+1 = 2e,+1 < 2mj\
k-t+i k-l

so that

(5.6) 2 ekrknb„(mk) > 2-x[z,r,H\bn(m,)\)iK ~ 4VÎ - 8*m,-x-

Write now, for t > Í, N, = 2nmi, where {nk} is the sequence defined in §3, write

p, = [Nrlem] and £ = p,N,. Then, by (5.5) and (5.6), for t > 2,

(5-7)   S(P„X) > 2-xeîrf- 2 n-*\bn(m,)\X - 4X 2 «"Vî - 8Am,-x 2 n"\
«—1 «—1 B—1

We note that, as t -* +oo, we have
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2 «-VÎ - 0(1)0 - r,bx)x-\        0 < X < 1,
n-l

(5.8)
= 0(l)log(l — /;_,)-',      X=l,

- 0(l)mJ-\ 0 < X < 1,

= 0(l)log m„ X = 1,

by (5.2), and

,.a. 2 «~x = o(i)/}'-\     o<x<i,
(5.9) n-i

= 0(l)log P„      X = 1.

We note too that, for 0 < X < 1 and t > 1,

15« > expf-X^'log/;-1]
(5.10)

= exp[-X log(l - rt) 'log j;-1] > exp[-X].

Also, b„(m,) is a periodic function of n of period N„ and so

2 *-*kK)lx =22 ™4r
n-i /c-Oj-i [A:JV, + sf

*-0 j-l

> /i(X)Ar,i-^rV2 2 ¿-x,
t-l

by (4.7). Hence, for / > 1,

« „v 2 «"xkK)lx > ^(X)/}1-»«,-^     0 < x < 1,

> Bxm-x'2logPl, X=l.

Here, and in (5.12) below, A¡(X) (i = 1,2,3) denote positive constants which

depend only on X, and B¡ (i = 1,2,3) denote positive absolute constants. By

(5.7), (5.8), (5.9), (5.10), (5.11), and the fact that m, = log P, + 0(1) and
log/», = (1 + o(l))log P, as 1 -» +00, we have

Stf.X) > ¿2(XMm,)'/2/}'-*(log />)-x/2 - A3(X)Px-\\og R)-\

(5.12) 0 < X < 1,

> xM»01/2(log R)V2 - B3\og log P„ X = 1,

for f > 2. Since we may assume without loss of generality that {e(n)} does not

decrease to 0 too rapidly, it is clear that (5.12) implies (3.2). This completes the

proof of Theorem 2.
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6. We now show that Theorem 2 implies that (1.4), for 0 < X < 1, and (1.5),

for 0 < X < 2, are both best possible within each of the classes <=/? and X.

Let {e(n)} denote a sequence of positive terms which decrease to 0 as n T oo

and let 0 < X < 1. Let /x be defined as in the proof of Theorem 2 and set

g\(z) = Jo* /*(£ )d$ for z G y. Clearly gx G <=R. We show next that gx is bounded

in y. By integration by parts,

(6.1)       *(.) = z{i +/;Amzi^.j¡;'^zi^.

The first integral on the right of (6.1) is bounded, by (3.1), and the boundedness

of the second integral follows easily from the fact that, for z = re" E y,

l*.MI </0r|A(p^)|rfp</0'[^^<2iogT47,

where we have used a classical inequality for functions with positive real part.

Hence gx is bounded in y. Now, if fx(z) = 1 + 2" cn(X)z" and g\(z)

= 2" «¿M*" (z S y), then, for n > 1,

k+1(A)l = \cn(X)/(n + 1)| > i|c(A)/n|.

Hence, by (3.2), as N -» +oo,

2 |a„(X)|x * OilMJVJ^-'Oog A')"'72,   /or 0 < X < 1,
n-l

and

2 MDI^oiiMJVJOog^)^
«-i

This proves that (1.4) is best possible within the class <zR.

To establish the same result for the class X we set

fc«-X ^df       (z S y,0 < X < 1),

where/x is defined as above. Then, because of (3.1), hx is bounded in y and, also,

it is easily verified that nx G X. Since hx(z) = 2î° (CnQ$/n)z" (z e y). it follows

immediately from (3.2) that (1.4) is best possible for the class -¿'also.

It is an easy consequence of (2.2), and the fact that (1.4) is best possible for

0 < X < 1, that (1.5) is also best possible within each of the classes <=/?and -£for

0 < X < 1, and hence for 1 < X < 2 as well, since

\     N / 1     N \l/\

for X > 1 [3, p. 26].
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7. It remains to prove that (1.6) is best possible within each of the classes <=/?,

<S and Xiox each fixed X > 1. To do this we need the following theorem.

Theorem 3. Let {e(ri)) denote a sequence of positive terms which decrease toOas

n T oo. Let X > 1. Then there exists a regular function gx(z) = 1 + 2f b„(X)z",

where bH(X) is real and nonnegative for each n,for which Re g\(z) > 0 (z G y),

¿■ns^i« <+oo,

and, as N -» +oo,

(7-2) 2 bn(X)x # 0(l)e(N)N(log N)"'.
»-i

Proof. Let X be fixed with X > 1. Choose an increasing sequence {«*}î°, of

positive integers for which nx = 2,

00

(7.3) 2 e(«*)1/2X < +00,

and

(7.4) nklog nk < log nk+x,   for A: > 1.

For n > 1, write Gn(z) =1 + 2 2*-i (1 - k/(n + \))zk. It is well known that,

for n > 1, the Fejér kernel \ Re G^e19) is nonnegative for 9 G [-w,w], and it

follows immediately that

(7.5) ReO„(z)>0      (z E y,n > 1).

For z E y we now define

(7-6) SX« =   2   tkGnM^r
k-\

where ek = e(nk)x/2X and

(7.7) mt = log nk

for k > 1. We assume, as we may, that 2î° «t = 1- Because of (7.4) and (7.7),

the power series expansion of gx(z) is obtained by simply removing brackets, that

is

gx(z) =1+2 bn(X)z"
n-1

= 1+2e'l,(,-^)^+2£2l,(1-^TT>,Ml + --'-



162 F. HOLLAND AND J. B. TWOMEY

Hence, for z G y,

"gjn-iI/o'o S       * - «-i    n

= 2 2-^2 (l_— Vs
¿Ti m* ,£, V       nk + 1 //

<2 2efci±^<+oo

by (7.3) and (7.7). This establishes (7.1).

For k > 1, write /Vt = nkmk. Then, for A: > 1,

/   2efc   V *    x     (   2ek   \x nf
\nk+l) ¿xs  ^U+l/^ +

>Â^n* = TTTiV*(l0g''*)",

x
>TTTAr*(l0gAr*r''

and (7.2) follows immediately. This completes the proof of Theorem 3.

8. It is easily established, by arguments similar to those used in §6, that

Theorem 3 implies that (1.6) is best possible within each of the classes <=/? and X

To prove the same result for the class *£ we define, for z G y and X > 1,

(»•O /x(z) = ,exp/;?*^a?,

where g\ is defined as in the proof of Theorem 3. Then/x G <£,fx is bounded in

y, and fx(z) = 2Î° a„(X)z" (z G y), where afl(\) > 0 for n > 1 and 2 an(X)

< +00. Since f\(z)/z J= 0 for z in the closure of y, it follows from Wiener's

theorem [1, p. 194] that the power series expansion of z/fK(z) is also absolutely

convergent for z = 1, i.e.

z
= 2 cn(X)z"       (z G y),

AW      o

say, where 2 kB(À)l < +0°- Now, by (8.1),

gx(z) = jj-Jte)      (z e y),
Aw

and so, for n > 1,

(8-2> b„ = 2cn_Mkak
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where for brevity we have suppressed X. We show now that, for X > 1 and

,r.   «V f JV + I

(8-3) 2 b>¡ < C* 2 «xa„x
n-1 n=l

where C = 2o° kl > 0- We note first that, for X = 1, (8.3) is an easy conse-

quence of (8.2). Suppose next that X > 1. Then, by (8.2) and Holder's inequality,

»i+l / n \X/X'

tf< 2 k.*+, 1*^(2 kl)
(8.4) *- U-°     '

«+1

<CVX'2 \c„-k+x\k*a£,
k-\

where X' = X/(X - 1). But

N   n+l N /V+l

2 2 k-*+.l*x«*x< 2 kl 2 *V,
n=l  k=\ k-0 k-\

N+l

< c 2 * V.

and this, combined with (8.4), clearly implies (8.3). It is obvious that (8.3) and

(7.2) together imply that (1.6), and hence also (1.5) for X > 2, is best possible

within the class ¿S. We have thus completed the proof of Theorem 1.
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