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ON COEFFICIENT MEANS OF CERTAIN SUBCLASSES OF
UNIVALENT FUNCTIONS

BY
F. HOLLAND AND J. B. TWOMEY

ABSTRACT. Let ® denote the class of regular functions whose derivatives have
positive real part in the unit disc y and let S denote the class of functions starlike in y. In
this paper we investigate the rates of growth of the means s,(A) = n~' 3 |a|*
O<A<1) and 6,(A) =n"3TkMa]* A >0) as n—> +o0 for bounded f(z)
= 3P a,z* € R U S. Itis proved, for example, that the estimate 1,(A) = o{1)(log n)~*®
(n > +00), where a(A) = A/2 for 0 < A < 2 and a(A) = 1 for A > 2, holds for such
functions f, and that it is best possible for each fixed A > 0 within the class <R and for each
fixed A > 2 within the class .

It is also shown that the inequality s,(1) = o(1)n~!(log n)¥2, which holds for all bounded
univalent functions, cannot be improved for bounded f € <. The behavior of ¢,(A) as
n— +0o whena, > 0 (k > 1) and A > 1 is also examined.

1. Introduction and statement of results. Let =@ denote the class of regular
functions of the form

(L1) ) = i::a,z" (2l < 1)

which satisfy Re f'(z) > 0in y = {z:|z| < 1}, let S denote the class of regular
functions (1.1) which are starlike in y, and let £ denote the class of functions f
for which f(z) = log(g(z)/z) (Jz| < 1), where g € S. It is well known that if
f € R U S, then fis univalent in y. It is also well known that f € Siffh € £,
where #'(z) = zf'(z)/f(z) and h(0) = 0, and it follows easily that we also have
f € Liff k € =R, where
z L

(12) k@) = [ RFQ) +1]dt = 2 + 3 a2

If f € <R, then, by a classical result for functions with positive real part,
nla,] < 2 Re a; (n > 2). Applying this result to the function & defined in (1.2),
we deduce that if f € £, then n|a,| < 2 (n > 1). For f € S, on the other hand,
we have [2] nla,| = O(1) (n = +o0) provided f is also bounded in y. Combining
these results we get

(1.3) la,| = 0()/n  (n > +o0)
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for every bounded f € = U S U £ In this paper we investigate the growth of
certain means of the coefficients {a,} for bounded f € £ U S U L. We prove
the following theorem.

Theorem 1. Let f(z) = 3° a,2" be regular and bounded in y and suppose that
fE€ RU SU L Then,as N = +o0,

N
EI Ianlx = O(I)Nl-x(log N)-l/2’ 0<AL],

(1.4)
= o(1)(log N)"2, A=1,

and

s) S mla = DN MM, 0 <A<,

= o(1)N(log N)', A>2

If, further, a, > 0O for each n 2> 1, then, as N = +o0,

N
(1.6) g, nra} = o()N(log N)™', A1

Inequalities (1.4), (1.5) and (1.6) are best possible within each of the classes R and
L, while (1.6), and hence (1.5) for A > 2, is best possible within the class S.

It has already been noted in [4] that inequality (1.4), with A = 1, is valid for
every fin B, the class of functions univalent and bounded in v, and this of course
implies the inequality for bounded f € <£ U S. Also, the examples discussed in
[4] can be used to show that the inequality is best possible within the class B, but
this does not imply the stronger result that (1.4) is best possible for bounded
f € <R. Whether (1.4) can be improved for the class of bounded starlike
functions remains an open question.

In view of (1.6), it seems worth remarking that the functions we construct to
show that (1.4) and (1.5) are best possible have real coefficients.

2. Proof of Theorem 1. The positive results. We first prove (1.5). It was shown
in [6] that, for bounded f € R U S,

20 3 ntla,trn = 2 [ | fre®) B
n=1 0

= o(l)[(] - ”)log(l/(l T r))]—l’

asr— 1. If f€ £is bounded in y and k € =R is defined as in (1.2), then,
because of (1.3), k is also bounded in y. Applying (2.1) to k, we obtain
immediately that (2.1) also holds for bounded f € £ It follows easily from (2.1)
that (1.5) holds for A = 2 and hence also by (1.3) for A > 2. If 0 < A < 2, then
by Holder’s inequality

2.1)
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N N A2
S wlal < (3 la, ) No-va
n=1 1

= o(1)N(log N)™2,
as N — +oo0, where we have used (1.5) with A = 2. This completes the proof of

(1.5).
We now prove (1.4). Write T,(A) = S, k*|a;|* for A > 0and n > 1. Then
by partial summation, for N > 2,

S ol =S = (n+ D) + NATO)
(2.2) nm=] n=|

<A Ng: n 21T (A) + NATyA).

By (1.5), we thus have, as N — +o0,

N N

El la,* = o(1) 22 n=*(log n)™>? + o(1) N'-*(log N )~?
= o(1)N'*(log N)™2,

for0 <A< 1,and

S lanl = o) 3, n71(log n)V2 + o(1)(log V)2

= o(1)(log N)¥2.

This proves (1.4).
To prove (1.6) we note that it has been shown in [7] that, for bounded f € S,

@) 0= 5 =aofa s ]"

as r - 1, and that it is not too difficult to deduce that (2.3) holds for bounded
f€ RU Laswell. If a, > 0for n > 1, then it is an easy consequence of (2.3)

that (1.6) holds for A = 1 and hence also by (1.3) for A > 1. This proves (1.6).

3. The counter examples. To prove the negative assertions of Theorem 1, we
need the following theorem.

Theorem 2. Let {e(n))y be a sequence of positive terms which decrease to 0 as
n?t +00. Let 0 < X < 1. Then there exist regular functions

A =1+ ”gl c,(A\)z",
where c,(\) is real for each n, for which Re f,(z) > 0in vy,

3.1) sup

z€y

< +oo,
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and, as N = +oo0,
S(V,A) # O(1)e(N)N'Mlog N)™™2,  0<AKL],
S(N,1) # O(1)e(N)(log N)¥2,

where S(N,A) = SX, n2e,(\)|* for 0 <A < 1and N > 1.

Proof of Theorem 2. We begin be defining a convex increasing sequence {n; }o’
of nonnegative even integers for which

(3.2)

(33) B<m<k+1>% k21,

and

(3.4) the equation n = n, = n; (k > j > 1) has at most one solution for each
positive integer n.

Following Marcinkiewicz [5, p. 43], we define the sequence inductively as
follows:

Let ny = 0, n; = 2 and suppose that, for k > 2, ny, ny,..., n_; have been
defined. Then there are at most 4k positive integers of the form *n; + n, = n,
where 0 < j, /, p < k — 1. Hence there is (at least) one even integer, denote it by
n,, satisfying

k+1P-@k¥+2)<m<k+1)

which is not of the form +n; = n, = n, (0 < j,L,p < k — 1). It is easily verified
that the increasing sequence {n,} thus defined is convex and satisfies (3.3) and
(3.4).

For |z] < 1 and m > 1, we now set

1 mo(1+ ze l+ze‘”k}
2m+ 1) L1 —ze® 1 —ze ® J°

where 8, = 0 and §, = §,(m) = 7n,/2n,, for 1 < k < m.

(3-5) E(2) =

4. To complete the proof of Theorem 2 we need two lemmas.

Lemma 1. Let F,(z) be defined as in (3.5). Then there is an absolute constant M
such that

@.1)

B | < u

Jorlzl <1 —-e™andm > 1.
Proof. If G,(2) = fy ((E,(§) — 1)/8) &, then, by (3.5),

(42) 6ud) = 7y 2 180 + 1, -0))
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where /(z,y) = —log(1 — z¢'*). Since
Im I(z,¢)| < 7/2
and
Re I(z,9) > log(1/(1 + r)) > —log 2

for |zl = r < 1 and —7 < ¢ < m, it follows immediately that if G,(z) = U,(z)
+ i¥,(z), then

%@ <7 and U,(2) > -2log2

for |z] < 1 and m > 1. To complete the proof of (4.1), it is thus sufficient to
show that, for |z| < 1 —e™andm > 1,

4.3) Un(2) < 4,

where A4 is some absolute constant.
Write u(r,y) = —log|1 — re'¥|. Then, by (4.2),

l m
44 Un(@) = 77 Eo {u(r,0 + 6,) + u(r,0 - 6,)},
where z = re®®. We prove first that
(45) S ur0-6) <2 S urb,)
=0 =0

for 0 < r < 1and —7 < 8 < 7. Suppose, to begin with, that 0 < § < #/2, so
that there is an integer j (1 < j < m) such that§;_, < 8 < 6;. For fixed r, u(r,{)
is a decreasing function of ¥ in [0, 7], and so

m J=1 m
kgo u(r,o - gk) < kgo “('aoj—l - 0/:) + Ej “(’aok - oj)
Jj=1 m
< 3 urb )+ 2 ur,b))
k=0 kmj
<2 5 u(r.b),
k=0
since the convexity of the sequence {f,} implies that 6, — 6, > 6,, — 6, = 6,-,
for all p and n for which p < n < m. This proves (4.5) for 0 < 8 < #/2. It is
easy to see that the above argument can be modified to establish (4.5) for the
remaining values of @ in [~m, 7] and we have thus proved (4.5).

It follows from (4.4) and (4.5), and the fact that u(r,y) is an even function of
{, that

4.6) Un(®) € — + e z u(r,6,)
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for |z|] < 1. But

1 = re®|* > 4r sin2}0, > (4r/72)0} = rn}/n3,
andso,if r=1—-¢™"
m
g u(r,0,) < u(r,0) + 2 log —2— I/Zn

(m+l) —l

< log l -+ 2 log
<m+5m log(m +1) - S[m log m — m] + (m/2)log 2
= m[6 + 5 log((m + 1)/m) + } log 2],

where we have used (3.3) and the inequality 3., logk > mlogm—m,
(m > 1). By (4.6) we thus have, for [z| = 1 —e™

Un(2) < (4m/(m + 1))[6 + (11/2)l0g 2],

and (4.3) follows immediately by the maximum principle for harmonic functions.
This proves Lemma 1.

Lemma 2. Let E,(z2) =1+ 3 b,(m)z" for |z| <1 and m > 1. Then if
N = 2n,, and 0 < A < 2, we have

1 X AA
@1) 3 2 e > 49,

where A(M) is a positive constant which depends only on \.
Proof (cf. proof of Szidon’s Lemma [1, p. 258]). By (3.5) we have

2 m
b,,(m) = '—”——_F—l :;-:o Cos nak.
Hence, writing b, for b,(m) and using the fact that
cos nf.cos n; = {cos n(6;, + 6;) + cos n(6;, — 6,)},
we obtain

22 9 S nm LA
(m + 1)°b? 2”‘2-0 {cos N (n + n;) + cos N (n, nj)}
4.8)
N 75
=2 Eo a,Ccos TV"
say. We note that ay = m + 2 and that a, = 0 when s is odd. It follows easily
that
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2% _Am+2) 1
“49) g TmAIE (melpm

since

s os-—-R{; erei }

nm}
- Re{e"‘/ e,,xm} 0,

when x is an even integer such that x # 0 (mod 2N).
We note that, by (4.8),

(4.10)

N
(m+1)b =4 ME_O a,a,{cos %’(s +£) + cos %(s - t)}

and so, using (4.10) again and the fact that N is even, we obtain

2

N2 (m + 1)

But, for s > 1, we have, because of (3.4) and (4.8), a, < 4 whenevers = m, + n;

ors = |m — n;| for any j and k, and a, = 0 otherwise. Hence

N
ﬁ+@+%ﬂ}
2

B

4.11) N 2 bt < 4 e ———{2(m + 2)* + 16 + 16[2(m + 1)*]} < et

“(m
where B is an absolute constant.
Finally, by Holder’s inequality, for 0 < A < 2,

1 N ) 1N A@Ng ) N \@N/ED
yZ < (FSml) (R b
which, by (4.9) and (4.11), implies that

| - mA-NIEN\@-N2 40
N ngl |bn| 2 A(A){-—’n_} mV2 ’
as required. This completes the proof of Lemma 2.

S. We now complete the proof of Theorem 2.
Let A be fixed with 0 < A < 1. Choose an increasing sequence {m}; of
positive integers for which

(.1 e(my41)V < min{}e(m, )V, m;'}

and

(5.2) =)' < mpyy,
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fork > 1,wheren, = 1 —e™ (k > 1). We now define

(53) 5@ = 3 eFa2)

for |z] < 1, where g, = &(m,)V?* (k > 1) and E,(z) is defined by (3.5). By (5.1),
&1 < d& (kK > 1) and it follows easily that 3° ¢, < +00. We assume, as we
may, that

0
(5'4) 2 & = L.
k=1
It is clear from (5.3) and (3.5) that Re f,(z) > 0 in vy, and it follows easily from
(5.3), (5.4) and (4.1) that (3.1) also holds.
IfAGE) =1+ 3P c,(N\)z", then

65 s = S a0 = 2 a3 ernm)|,

where {b,(m))} is defined as in Lemma 2. Since |a + b]* < 2*(ja]* + |b]*), we
have, fort > 2andn > 1,

26l - [{S + 3 Jawbutm|

[ A
|E anum)| 2

> 27Me 5" |b, (m,)ll*-z"[ -1 2 e"] ‘2"[2 > e"]h

km=t+1

since |b,(m,)] < 2forn > 1and k > 1. But, for ¢t > 2, 3t ¢ < 1, by (5.6),
and, by (5.1),

© ©
> . & < €41 kEl 27k = 2, < 2’":_',

k=t+

so that

2 27Me " 1ba(m)] — 4P52} — 8Am.

6o |3 awsim)|

Write now, for ¢ > 1, N, = 2n,, , where {n,} is the sequence defined in §3, write
= [N;'e™] and P, = p,N,. Then, by (5.5) and (5.6), for ¢ > 2,

(5.7 S(B,N) > 272} AP 2 n=A|b,(m,)|* — 4 2 n~A g™ — 83mA 2 nA,

We note that, as ¢t = +00, we have
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S mhm = o1 -, 0<AL],
= 0(Dlog(1 —£-))™",  A=1,

(5.8)
= O(1)m}-2, 0<AL],
= O(1)log m,, A=1,
by (5.2), and
P,
A = 1-A
(59) ’gl n O(1)B1-A, 0<AL],

=O0(l)logB, A=1
We note too that, for0 < A < landt 2> |,
M > exp[—Ae™log 7]
(5.10)
= exp[—A log(1 — ) 'log 5] > exp[-A].

Also, b,(m,) is a periodic function of n of period N,, and so

- - |b (ml)l
2 n~ba(m,)I* Os-l [kN + s]*

2 2 [k + DN 3 Ib (m)*

> AQN AV F. K,
by (4.7). Hence, for ¢t > 1,

P,
El n M by (m)* > 4B MV 0<AL ],
> Bym;V2log p,, A=1

Here, and in (5.12) below, 4,(A) (i = 1,2,3) denote positive constants which
depend only on A, and B; (i = 1,2,3) denote positive absolute constants. By
(5.7), (5.8), (5.9), (5.10), (5.11), and the fact that m, = log P + O(1) and
log p, = (1 + o(1))log P, as t > +o0, we have

(5.11)

S(B,N) > A;(Ne(m,)"2B'-*(log B)™2 — A;(\)B'-*(log B)™*,
(5.12) <AL,
> B,e(m,)/*(log B)"? — Bslog log P, A=1,

for ¢ > 2. Since we may assume without loss of generality that {e(n)} does not
decrease to 0 too rapidly, it is clear that (5.12) implies (3.2). This completes the
proof of Theorem 2.
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6. We now show that Theorem 2 implies that (1.4), for 0 < A < 1, and (1.5),
for 0 < A < 2, are both best possible within each of the classes < and .

Let {e(n)} denote a sequence of positive terms which decrease to 0 as n 1 oo
and let 0 < A < 1. Let f, be defined as in the proof of Theorem 2 and set
a\(2) = Jo A)d¢ for z € y. Clearly g, € =R We show next that g, is bounded
in y. By integration by parts,

The first integral on the right of (6.1) is bounded, by (3.1), and the boundedness
of the second integral follows easily from the fact that, for z = re? € v,

r r] 1
8@ < [} 1AGedp < [ T0dp < 2108 =,

where we have used a classical inequality for functions with positive real part.
Hence g, is bounded in y. Now, if fi(z2) =1+ 3 ¢,(A\)z" and g,(2)
= 3P a,(N\)z" (z € y), then, forn > 1,

lans i Q) = lea@)/(n + 1| 2 dle,A)/nl.

Hence, by (3.2), as N = +o0,

S 1P % OMeWIN1(log N)M2, for0 <A< 1,

and

3 a0 # o(De(V)(log M),

This proves that (1.4) is best possible within the class <.
To establish the same result for the class £ we set

me =21 cevo<asgy,

where f, is defined as above. Then, because of (3.1), 4, is bounded in y and, also,
it is easily verified that b, € £ Since i (2) = 3° (c,(A)/n)z" (z € v), it follows
immediately from (3.2) that (1.4) is best possible for the class £ also.

It is an easy consequence of (2.2), and the fact that (1.4) is best possible for
0 < A < 1, that (1.5) is also best possible within each of the classes <2and .£ for
0 < A <1, and hence for 1 < A < 2 as well, since

N

3 2 i < (3 Z laal)”
N lna,,_ N2, a,

for A > 1[3, p. 26].
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7. It remains to prove that (1.6) is best possible within each of the classes <&,
S and £ for each fixed A > 1. To do this we need the following theorem.

Theorem 3. Let {¢(n)} denote a sequence of positive terms which decrease to 0 as
nt . Let A > 1. Then there exists a regular function g,(z) = 1 + 3 b,(\)z",
where b,(\) is real and nonnegative for each n, for which Re g,(z2) > 0 (z € v),

7.1) f‘é’,’ j;’ g"—«%—-—ldf < +o0,
and, as N = +o0,
(7.2) é b,(\)* # O(1)e(N)N(log N)™".

Proof. Let A be fixed with A > 1. Choose an increasing sequence {n,};’, of
positive integers for which n, = 2,

[

(7.3) 2, e(m )V < +oo,
and
(7.4)- nlog n, < log myy, fork > 1.

For n > 1, write G,(z) = 1 + 2 3¢, (1 — k/(n + 1))zX. It is well known that,
for n > 1, the Fejér kernel 1 Re G,(e?) is nonnegative for § € [—x, 7], and it
follows immediately that

(7.5) ReG,(z2) >0 (e€y,n>1).

For z € y we now define

16) 8@ = 2 06y @™)
where g = ¢(n,)Y?* and
(7.7) m = log n;

for k > 1. We assume, as we may, that 3° ¢, = 1. Because of (7.4) and (7.7),
the power series expansion of g, () is obtained by simply removing brackets, that
is

1+ 3 6,002

— - s ”’ -— S L)
—l+2e,ﬁ(l n|+l)z""'+2a22(l n2+l)z""*+ .

s=1 s=1

&)
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Hence, for z € v,

j;‘gx(fz—ld{l < § b,(\)

=1 N
oy & R8s
—21‘21 my ,§| (l n + l)/g
& 1+logn,
<2k§l Sk—mk < +o00

by (7.3) and (7.7). This establishes (7.1).
For k > 1, write N, = n,my. Then, for k > 1,

Ne n A
AS 9L -5

El 50" 2 2e} Ex (l ”k+l)
_ 2€k Am A 28/: "n}}“

—(”k+l) 2 2(n,,+l) A+

e(m )V
>)\+l" A+1

N.(log n,)™!

> €002 . 1og Moy,

and (7.2) follows immediately. This completes the proof of Theorem 3.

8. It is easily established, by arguments similar to those used in §6, that
Theorem 3 implies that (1.6) is best possible within each of the classes <2 and £
To prove the same result for the class S we define, forz € yand A > 1,

(8.1) A =zexp [’ g‘—“—}—'—'df,

where g, is defined as in the proof of Theorem 3. Then f, € S, f; is bounded in
v, and £i(2) = 3 a,(A\)z" (z € y), where a,(A) > 0 for n > 1 and 3 a,(A)
< +00. Since f,(z)/z # 0 for z in the closure of y, it follows from Wiener’s
theorem [1, p. 194] that the power series expansion of z/f,(z) is also absolutely
convergent for z = 1, i.e.

f(z) % a2 (z€v)
say, where 3, |c,(A)] < +00. Now, by (8.1),

gX(z) f( )f)\(z) (2 € Y)y

and so, forn > 1,

n+l1

82) b, = kzl Co-t+1 KA
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where for brevity we have suppressed A. We show now that, for A > 1 and
N2>1,

N N1
(83) S h<Cr 2+ na)
n=1 n=1

where C = 3¢ |c,| > 0. We note first that, for A = 1, (8.3) is an easy conse-
quence of (8.2). Suppose next that A > 1. Then, by (8.2) and Hélder’s inequality,

n+l1 n AN
B < 3 loenlra(Z lal)
(8.4) k=1 =0
n+l
< CW¥ k2| lea-k+1lkra},

where A’ = A/(A — 1). But

N n+l N N+1
S 3D leprnlkral < 3 ol 3 klap,
n=1 k=1 k=0 k=1

N+l
<cC kzl k*a},

and this, combined with (8.4), clearly implies (8.3). It is obvious that (8.3) and
(7.2) together imply that (1.6), and hence also (1.5) for A > 2, is best possible
within the class . We have thus completed the proof of Theorem 1.
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